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Consider a strongly elliptic quasilinear system of partial differential operators on an open subset 0 of R n in generalized divergence form : , [9] , and [15] . These results extend earlier theorems of Visik [18] obtained by other arguments, but (despite an apparent remark to the contrary in [l5]) do not extend automatically to the case of rapidly increasing coefficients treated by Visik in [l9] . The crucial point for this more general case is that the Banach spaces in which the problems are appropriately formulated are derived from nonreflexive Orlicz spaces [14] and are themselves nonreflexive and nonseparable. On the other hand, the basic treatments of monotone and semimonotone operator equations have been carried out in reflexive Banach spaces (and in [15] , it is even essential to consider only separable spaces). It is our object in the present note to outline a treatment of these more general problems in nonreflexive spaces, using the remark already made by the writer in the final section of [4] on the useful properties of the weak* topology on a conjugate space. We formulate this treatment in a very general context of functional rather than simply differential equations, and apply to the resulting operator equations a new theorem on perturbation of semimonotone operators (Theorem 2 below) which is particularly efficacious in this general context. This result is extended and applied in more detail in [ll] [13] ).
1. Suppose that for eaéh multi-index a with |a| ^w, we are given a Banach space X a of distributions on Ö with its dual space X* also a space of distributions and C"(fi)CX*. We set X=H«X a ,
x * = Ha X*. Corresponding to this family of spaces, we have the generalization of the Sobolev spaces given by
Let f be the mapping of Wx* into X* given by f(w) = {D a u \ \ a \ ^ m}. We norm Wx* so that f is an isometry. Then f identifies Wx* with a weak* closed subspace of X*.
The data of a nonlinear elliptic functional equation are the following: We are given a subspace VQ of Wx* such that ?(F 0 ) is weak* closed in X*, an element ƒ of X, and a continuous mapping A a for each a of X* into X«. We define the nonlinear Dirichlet form a(u, v) for each u and v in Fo by
where A is the product map of X* into X with components A a and (•,•) denotes the pairing between X and X*. The corresponding boundary problem asks for an element u in VQ such that for all v in Fo, we have:
. THEOREM 
Suppose that the Dirichlet form a(u, v) satisfies the two conditions:
(
(2) 4*|H|-*+oo f a(w, «0/IMI -> + 00.
27^w tóe above boundary value problem has a solution for every ƒ in X.
PROOF OF THEOREM 1. Let VQ be the polar of f (F 0 ) in X, and let V be the quotient space X/V%, T the natural map of X on V. Then r* is an isometric map of V* into X*, and by the weak* closedness of t(Fo), it follows that r*(7*) ==f(F 0 ). Hence, the mapping (r*)- 1 ? is a well-defined isometric isomorphism of VQ on V*, and if for u and v in Fo, we set u* = (T*)-~1Ç(U), z^^r*)""" 1^) , we see that
Hence the condition that u be a solution of the functional equation (3) above is equivalent to the condition that the corresponding u* satisfy:
for all v* in F*, i.e.
Mr*( W *), O = (r(/), **),
or T(u*) =TAT*(U*) =r(f), with r = 7vlr*. The conditions (1) and (2) above are equivalent to the following conditions for the continuous mapping T of V* into V:
(1)' For each pair ƒ and g of V*,
(2)' As||/||^+a>,(r/,/)/||/|H+oo. (
1) For each fixed v in V*, S(',v) is a continuous monotone mapping of V* into V, i.e. (S(ui, v)-S(u, v), u-Ui) ^0 for all u and U\ in V*. (2) For each fixed u in V*, S(u, •) is completely continuous, i.e. continuous from the weak* topology of V* to the strong topology of V. (3) C is compact, i.e. C is continuous from 7* to V and maps each bounded subset of V* into a strongly precompact subset of V. (4) S dominates C in the following sense: If \uh\ is a sequence in V* with u k converging weak* to u, and if (S(w&, u k )-~S(u, Uk), Uk -u) -»0, then C(uk) converges weakly to C(u). Then R{T)> the range of T, is all of V.
COROLLARY TO THEOREM 2. The condition (4) may be replaced by the weaker condition:
4)' For every closed ball B about the origin in F*, T{B) is closed in V.
REMARK. It can be shown by simple examples that (1), (2) , and (3) alone do not imply the conclusion that R(T) = F, even when F is a Hilbert space.
PROOF OF THEOREM 2. Since we may subtract a fixed element w of V from T{u) without altering the hypotheses, it suffices to show that
0GR(T).
We show first that under hypotheses (1), (2), and (3), condition (4) implies (4)'. In the subsequent argument, only condition (4)' will be applied. We use the following fact in this and later proofs (cf. PROOF OF (4)' FROM (4). Let {u k } be a sequence in the closed ball B such that Tuk-*w. (We denote strong convergence by -» as usual, weak* convergence in F* or weak convergence in F by -\) Since B is weak* compact, we may assume that u k --*u f u<EB. It suffices to show that Tu -w. Since C is compact, we may assume also that
C(uk)-*wi. Then S(uk, Uk) ss T(uk)-'C(uk)-^w-Wu and by the complete continuity of 5 in its second variable, S(u> Uk)->S(u, y). Hence
Applying condition (4), we have Ciukj-^Ciu), i.e. C(u)=wi. Finally for any v in F*, we have for every k g: 1, Since the fixed points of the mapping K$ are the zero points of T\, it suffices by the Leray-Schauder theorem [16] 
implies that in that case (M(u), u) gO, and ||w|| g M with a constant M independent of /. q.e. 
